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"There are areas where we know very little-extremely high energy collisions, for 
example-where little can be done by anyone." 
J. Robert Oppenheimer, Concluding Remarks, Proceedings of the 1958 Annual 
International Conference on High Energy Physics at CERN 
1. INTRODUCTION 
It is the purpose of this paper to give a summary of some of our knowledge on the scattering 
and production processes of elementary particles at high energies. Since this is a vast topic, the 
processes to be concentrated on are those with large cross sections. The cross section for a scattering 
process is considered to be large if it is a sizable fraction of the total cross section. 
Until about thirty years ago, the total cross sections for the scattering of two hadrons were 
believed to approach constant values in the limit of very high energies. It is now known instead 
that these total cross sections all increase without bound in this limit. This was first predicted on 
theoretical grounds in 1970 [1], and the details of this theory can be found in a book published over 
a decade ago [2]. These developments together with some more recent results are the topics of this 
paper. 
At very high energies, the wavelengths of the incident hadrons are small, perhaps much smaller 
than the sizes of these hadrons. It is this property that simplifies the physical picture at high energies. 
In order to have some understanding of this simplification, consider an analog well-known in our 
daily life. When a macroscopic object is illuminated by an electromagnetic wave, the resulting field 
is to be found by solving the Maxwell equations, and is quite complicated. Fortunately, in our daily 
life, the wavelengths of the visible lights are usually much smaller than the objects that we want to 
see, and hence there is no need for us to be continuously solving the Maxwell equations. Instead, 
optics is an excellent approximation. Without this simplification, the human eye would not have 
been a very useful organ. 
As shown in Figure 1, in the limit of short wavelengths, electromagnetic theory on the basis of 
the Maxwell equations can be accurately approximated by optics. The question is: In the similar 
limit of short wavelengths (or high energies), how can the scattering and production processes, with 
large cross sections, of elementary particles be studied approximately? 
2. LESSONS FROM CLASSICAL ELECTROMAGNETIC THEORY 
In order to answer the question formulated in Figure 1, it is useful to have some understanding 
of the much simpler case of the relation between optics and classical electromagnetic theory (EM). 
Even this case is by no means simple and the derivation of optics from EM has many aspects, such 
as reflection, refraction, diffraction, shadow formation, and the properties of the shadow boundary. 
Since the total cross section is one of the central topics for hadronic scattering, the derivation of the 
total optical cross section from the Maxwell equations is to be reviewed briefly here. 
It remains to choose the problem for which the optical limit is to be studied. In physics, as 
well as science in general, it is often the simplest problem that is the most enlightening. Thus 
the question may be posed: What is the simplest non-trivial scattering problem in EM? A clear 
candidate is that by a perfectly conducting sphere. However, it is not necessary to be limited to 
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scatterers of finite size in three dimensions, and an even simpler problem is the scattering by an 
infinitely long, perfectly conducting circular cylinder. This is the problem to be reviewed here, with 
the incident electric field taken to be parallel to the axis of the circular cylinder. 
The study of the optical limit for the scattering by circular cylinders and spheres has a long 
history [3]. In this section, the treatment of reference [4] is to be followed, because more information 
has been extracted with that treatment. 
The Maxwell equations in vacuum are 
aE 
'V X B = J - - 'V . B = 0, at· 
aB 
'V X E = -- 'V. E = p, 
at · (1) 
where the units have been chosen such that the permittivity and dielectric constant of the vacuum 
are both 1 and hence the speed of light in vacuum is also 1. For a single frequency w = k, the 
a;at here may be replaced by -ik. For the scattering problem under consideration, the total cross 
section per unit length of the cylinder is given by 
4 00 ln(ka) 
atot = - Re LEn (I) ' 
k n~o Hn (ka) (2) 
where a is the radius of the circular cylinder, Re denotes the real part, In and H~') are the usual 
Bessel functions, and Eo = 1 while En = 2 for n > 0. The task is to find the asymptotic behaviour, 
for ka » 1, of the series on the right-hand side of Eq. (2). 
It is a known property of the Bessel functions that, for large ka, 
2 \ ln(ka) I« 1 
H2)(ka) 
when n - ka » (ka) 113• In the other region where ka - n » (ka) I/J, 




where [ka] is an integer close to ka. This result implies in particular that, as k ---+ oo, a101 
approaches, as expected, 4a, which is twice the geometrical cross section per unit length of the 
circular cylinder. 
Note that, in the above derivation, approximately [ka] partial waves contribute. That each partial 
wave can only contribute a small fraction of the total cross section is a consequence of unitarily. 
It is difficult to obtain, directly from the expression (2), any further information about the 
behaviour of a101 for large k. Consider instead the physics of the situation: Since the circular cylinder 
is perfectly conducting and hence impenetrable, the incident electromagnetic wave, when scattered 
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by this cylinder, must go around it, either clockwise or counter-clockwise. A point with polar 
coordinate 8 > 0 can be reached, for example, by going through an angle 8 in the counter-clockwise 
direction or an angle 2rr - 8 in the clockwise direction. Although these two waves reach the same 
point in space, they actually have nothing to do with each other, and hence are independent waves. 
In the context of the present problem, this observation can be made precise in the following 
way [4]. Consider the situation where the source for the incident electromagnetic wave is located 
at a finite distance from the circular cylinder; the incident plane wave can be recovered by taking 
a suitable limit of this finite distance approaching infinity. In this case, with the source located at 
the polar angle being 0, the geometry is shown in Figure 2(a). If polar coordinates are used, the 
same geometry is displayed in Figure 2(b ). Note that, in Figure 2(b ), there is an infinite number of 
sources because of the periodicity in 8; of course, all these sources are one and the same in actual 
space. 
From Figure 2(b ), it is natural to study the problem with just one source for the incident 
wave. This reduced problem is shown in Figure 2(c), and the desired solution for Figure 2(b) is 
a superposition of the solutions for Figure 2(c). For the geometry of Figure 2(c), the Maxwell 
equations are to be solved for radial distances larger than a but for all values of 8, from -oo to 
+oo. This extended space is essentially the universal covering space of the exterior of the circular 
cylinder. The different waves discussed in the preceding section are electromagnetic waves on this 
universal covering space. Such waves are called "creeping waves," referring to their property of 
"creeping" around the cylinder [4-6]. 
Making use of the physical idea described in Figure 2, the total cross section per unit length 
of the perfectly conducting circular cylinder is rewritten in terms of the creeping waves. Study of 
this expression in the regime of large ka leads to an asymptotic formula for the optical total cross 
section in the form of 4a multiplied by a power series in (ka)- 213 [4]. Similar results have been 
obtained also for the sphere, both for the Maxwell equations and for the Schrtidinger equation. 
Generalization to other more complicated scatterers was first carried out systematically by Seshadri 
[7]. 
Here are some of the lessons that can be readily learned from the optical limit for classical 
electromagnetic scattering. 
(A) The optical limit of short wavelengths is best understood from the simplest non-trivial case. 
(B) The study of the optical limit in this simplest case begins with the solution of the Maxwell 
equations, not directly from the Maxwell equations themselves. 
(C) Unitarily plays a central role in electromagnetic theory in general and in the optical limit in 
particular. 
(D) The analysis of the solution to get the optical limit is guided by physical concepts. 
The important physical concept referred to in (D) is the creeping wave of Figure 2. It should per-
haps be added that, once the results are obtained, there are alternative ways to get the same answers. 
3. DROPLET MODEL OF YANG AND COLLABORATORS 
Attention is now shifted to the most interesting and important case of the scattering of elementary 
particles. An elementary particle is a particle that is smaller than an atom and is not a nucleus (except 
the hydrogen nucleus). According to this definition, an elementary particle may be a hadron, a 
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lepton, a photon, a quark, a gluon, W, Z, or perhaps one of the particles not yet observed such as 
the Higgs [8]. 
Unlike the case reviewed in Sec. 2 for classical electromagnetic waves, there is no example for 
the scattering of elementary particles with an explicit solution. In other words, there is no analog 
of Eq. (2) for the present case. Therefore, our present theoretical knowledge on the scattering of 
elementary particles comes from various models. 
One of the most successful models for this purpose is the droplet model, including the idea of 
limiting fragmentation, of Yang and his collaborators [9]. This model was developed in the middle 
sixties, first for high-energy large momentum transfer processes, and then applied to many other 
high-energy reactions. It has many successful predictions. The intuition gained from this droplet 
model of Yang and his collaborators, and also that from the Regge pole model [ 10], guided our 
thinking in the late sixties, as described in the next sections. 
The physical basis of the droplet model consists of the following observations. 
(i) The total proton-proton cross section remains essentially constant at high energies; 
(ii) Above 300 MeV of excitation energy the nucleon has many excited states; and 
(iii) The large-angle elastic proton-proton cross section drops down spectacularly with energy 
[11]. 
From observation (i), if taken to be valid for all high energies, then a non-zero limit I: (t) exists 
du 
I:(t) = lim -, £~00 dt (6) 
where t denotes the square of the momentum transfer and du 1 dt is the elastic differential cross 
section. Relation (6) is stronger than the observation (i), and implies that, not only the total cross 
section, but also the elastic differential cross section, remains constant at high energies. Moreover, 
it indicates that, for any impact distance X1_, the complex phase shift approaches a finite value in 
the limit of infinite energy, and the scattering amplitude approaches 
M(s, t) ~ 2~2 J dzxl- e'l1·x" [ 1 - eix(x">]' (7) 
where sis the square of the centre-of-mass energy, and t = -/12 is the square of the momentum 
transfer. 
These observations also suggest that the nucleon is an extended object with an internal structure 
having a "rigidity" characterized by an excitation energy of the order of a few hundred MeV. For 
hard collisions where the available energy is much larger, many degrees of freedom are excited in 
the nucleons, resulting in general in the emission of many particles. 
In the droplet model, the complex phase shift x (x1_) is determined in the following way. For 
definiteness, consider proton-proton scattering as shown schematically in Figure 3. In the laboratory 
system as shown in Figure 3(a), the target proton is at rest, while the other proton is Lorentz con-
tracted. At high energies, this Lorentz contracted proton appears as a disk with a two-dimensional 
complex opaqueness D(x1_) given by 
D(x1_) = J: p(x1_, z) dz, (8) 
where pis the usual three-dimensional opaqueness. For the collision between particle A and particle 
B, the process is described as the passage of one extended object through another extended object 
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[Figure 3(a)], or equivalently that of a point particle through an extended object [Figure 3(b)], both 
for impact parameter b. Therefore the resultant opaqueness at x1. is given by 
x(xJ.) =canst J d2x~ DA(XJ.- x'J.)D8 (x~). (9) 
With formulas (7)-(9), the elastic differential scattering cross section, and also the total cross 
section through the optical theorem, are given in the droplet model in terms of the D(xJ.) for various 
particles. More generally, this model has given many successful predictions for elastic and total 
cross sections, charge exchange cross sections, and for large momentum transfer processes [9]. 
4. RELATIVISTIC QUANTUM FIELD THEORY 
Interactions between elementary particles share the following basic and important features: 
• relativistic kinematics; 
• unitarily; and 
• particle production. 
Nevertheless it is not easy to formulate a model that incorporates all three features. The simplest 
way to have these features is to have a relativistic quantum field theory. It is the aim of the rest of 
this paper to present the results on the high-energy behaviour of relativistic quantum field theory, 
suitably chosen, and to use these results to predict aspects of the scattering and production processes 
for hadrons before the corresponding experiments are performed. 
The importance of relativistic kinematics is self-evident. Otherwise there would be no Dirac 
equation for the electron. In the context of high-energy scattering, it has already been seen in 
Figure 3 for the droplet model of Yang and his collaborators [9]. The importance of unitarily is 
already evident even for the scattering of classical electromagnetic waves; see lesson (C) of Sec. 
2. Relativistic quantum field theory has the great advantage of having not only elastic unitarily but 
also the equally important inelastic unitarily. Particle production is sometimes used to characterize 
the high-energy regime of scattering processes. In the fifties and earlier, for example, there was a 
great deal of discussion and controversy as to whether a single collision of two nucleons is capable 
of producing many mesons [12]. 
The next important task is to make a choice as to which relativistic quantum field theory to 
study. This choice is to be made step-by-step. 
First, it is desirable to have a renormalizable quantum field theory. Such field theories can be 
studied systematically through their perturbation series. By contrast, the perturbation series for a 
non-renormalizable quantum field theory involves an infinite number of arbitrary constants, and its 
high-energy behaviour depends on these constants and hence is impossible to ascertain. 
This may be the appropriate point to insert the following parenthetical remark. It is sometimes 
asserted that, in the early fifties, Heisenberg [12,13] predicted that the total nucleon-nucleon cross 
section increases as (Ins )2, i.e., saturates the Froissart-Martin bound [ 14]. This assertion is dubious. 
At that time, Heisenberg was working on the multiple production of mesons, and chose to use as 
a model the perturbation expansion of non-renormalizable quantum field theories, which he called 
field theories of the second kind. It is not possible to extract any meaningful information from such 
a model. 
Secondly, gauge field theories occupy a special position among relativistic quantum field the-
ories. In the context of collision processes at high energies, Eq. (6) is one of the centrepieces of 
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the droplet model of Yang and his collaborators. From the point of view of quantum field theory, 
Eq. (6) can be satisfied perturbatively only by the exchange of a spin-1 particle. See Sec. 5 for a 
more detailed discussion. Among renormalizable relativistic quantum field theories, such spin-1 
particles occur only in gauge field theory. 
Although not yet in the sixties, it is by now well established that all known interactions are 
described by gauge field theory. For the purpose of this paper, the term "gauge field theory" is 
always used to mean local gauge field theory, i.e., relativistic quantum field theory with a gauge 
invariance of the second kind. Until half a century ago, the only known gauge field theory was 
quantum electrodynamics developed in the twenties by Dirac, Fermi, Heisenberg, Jordan, and 
Pauli [15]. Quantum electrodynamics is also referred to as Abelian gauge field theory because the 
underlying group U(l) is Abelian. In 1954, Yang and Mills [16] took the most important step of 
liberating gauge field theory from the restriction of the group being Abelian. In the next twenty years, 
Yang-Mills theory, also called non-Abelian gauge field theory, permeates all branches of physics. 
In particular, electroweak theory, the unified theory of electromagnetism and weak interaction of 
Glashow, Weinberg, and Salam [17] is the direct product of an Abelian gauge theory with a Yang-
Mills theory for SU(2); and strong interaction is described by a Yang-Mills theory for SU(3), also 
called quantum chromodynamics, developed by Fritzsch, Gell-Mann, and Leutwyler [18]. 
Thirdly, it remains to pick a particular gauge field theory and then to study its behaviour at high 
energies. While the choices made in the first and the second steps above are dictated by physics, 
the present choice is based on convenience. This point is a pragmatic one: An idea in physics is 
empty if the necessary quantitative considerations cannot be carried out. 
In the sixties, the choice was made to study the high-energy behaviour of the Abelian gauge field 
theory. Roughly speaking, this choice is similar to that of studying the electromagnetic scattering 
by a perfectly conducting circular cylinder, as described in Sec. 2, rather than that of a perfectly 
conducting sphere, which is a bounded object. This also turns out to be a fortunate choice, because 
the corresponding analysis for Yang-Mills theory [16] is much more difficult and was first carried 
out by Cheng and his students [ 19]. See also reference [2]. 
Finally, it is essential to make contact between the Abelian gauge field theory to be studied 
and hadronic scattering at high energies. Since the purpose of the present approach is to make 
theoretical predictions for physics at high energies, quantum electrodynamics itself is not suitable 
because of the prominent role played by the massless photon. More precisely, the massless nature 
of the photon has important consequences in QED, including infrared divergences that need to be 
treated with the Bloch-Nordsieck formalism [20], while in contrast there is no massless hadron. 
[For some purposes, the photon as a quark-antiquark pair shares many properties of hadrons; see 
Sec. 12.] For this reason, the Abelian gauge theory to be studied in the rest of this paper is the one 
that describes the interaction between a massive fermion and a massive vector particle [2]. For the 
present purpose, whether the mass of the vector particle V is put in by hand or through spontaneous 
symmetry breaking makes no difference. The Feynman rules are given in Figure 4. 
Even though the Feynman rules in Figure 4 are as simple and as few in number as they can 
be, the high-energy behaviour of this theory is intriguing and in many ways unexpected. This 
theoretical development, carried out in collaboration with Cheng, is to be described in the next four 
sections 5-8, while the development of a phenomenology on the basis of this theory, carried out 
mostly in collaboration with Bourrely and Soffer, will be the subject of the four sections 9-12. 
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5. FERMION-FERMION ELASTIC SCATTERING 
In order to gain some physical intuition about the high-energy behaviour of gauge field theory, 
consider first, for the Abelian case, the fermion-fermion elastic scattering through the exchange 
of multiple vector mesons. By this we mean that each vector meson is emitted by one of the two 
fermions and absorbed by the other, or vice versa. It will be seen that, for this process, Eq. (6) is 
indeed satisfied, i.e., the elastic differential cross section da I dt, which is a function of s and t, does 
approach a non-vanishing limit as s ~ oo with t fixed at physical values. 
In second order, there are two Feynman diagrams as shown in Figure 5. The scattering amplitude 
corresponding to the Feynman diagram of Figure 5(a) is equal to, in usual notations, 
2(- ) 1 _, " ' g u2y,u1 
1 
_ ).2 (u 2y u1), (10) 
where t describes the momentum transfer between the incoming fermion of momentum p 1 and the 
outgoing fermion of momentum p2 , i.e., 
(11) 
This t is the quantity held fixed as the centre-of-mass energy E = .jS increases; see Eq. (6). A 
comparison of the two Feynman diagrams of Figure 5 shows that, for the diagram of Figure 5(b ), 
the t is replaced by 
(12) 
which is much larger than t in absolute value. Therefore, at high energies, the diagram of Figure 
5(a), as given by Eq. (10), dominates and, hence, the amplitude for one-vector-meson exchange is 
given by 
2m2 t- A. 2 
(13) 
asymptotically in the high-energy limit with t fixed at a physical value. 
Several features of this very simple asymptotic result are noteworthy. 
(a) Because of the factors, (13) implies that the differential cross section da jdt in second order 
approaches a finite value as s ~ oo. 
(b) Since this expression is real, its use in the optical theorem does not give any information 
about the fermion-fermion total cross section. 
(c) For later use in this section, it is useful to rewrite Eq. (13) in an apparently more complicated 
form 
s J 2 . [g2 Ko(A.Ixj_ I)] 
--2 d X_1_ exp(zt. · X_1_) 2m 2rr (14) 
in terms of the momentum transfer t. itself (I = - t. 2). Here K0 is the modified Bessel function. 
In view of the point (b) here, it is desirable to find an amplitude for fermion-fermion elastic 
scattering, again in the limit of s ~ oo with t fixed, such that its imaginary part is proportional 
to s. For this purpose, consider the exchange of two vector mesons. There are many diagrams to 
8 
this fourth order, but only the two shown in Figure 6 lead to such an amplitude. The sum of the 
contributions from these diagrams is asymptotically 
. g4 f d2qj_ 1 
IS 4m2 (2rr)2 (qi + ).2)[(.1\.L- Q.L)2 + ).2]' (15) 
where .1\.L is the transverse component of .1\. Because of the factor is, this is the desired answer. 
At first sight, there is no similarity between the expressions (13) and (15) for the amplitudes 
for one-vector-meson and two-vector-meson exchanges, respectively. This is where the alternative 
form (14) is instructive: Use the impact parameter Xj_. As an integral over Xj_, the expression (15) 
is exactly equal to 
is J 2 [g2 K0 (>-lx.L I) ] 2/ 
2m2 d X.L exp(i.l\ · x.L) 2rr 2. (16) 
Using this alternative form, it is seen that the bracketed term in (14) is squared in (16). 
With this simple relationship, it is now possible to analyze the general case of multi-vector-
meson exchange. There are six diagrams for the exchange of three vector mesons, as shown in 
Figure 7. In general, there are n! diagrams for the exchange of n vector mesons, and such diagrams 
are shown schematically in Figure 8. Using the impact parameter Xj_, the expression for n-vector-
meson exchange is given explicitly by 
is J 2 [ ig2Ko(>-lx.LI)]"/ Mn ~ --- d X.L exp(i.l\ · X.L) - n!. 
2m2 2rr 
(17) 
Summing over n then gives the multi-vector-meson-exchange amplitudes for fermion-fermion elas-
tic scattering as 
(18) 
asymptotically for s --+ oo for fixed t :::; 0. 
It is instructive to compare this result from field theory with Eq. (7). There is clear similarity 
in that Eq. (18) is a special case of Eq. (7). But there is a major difference in that the exponent 
here is explicitly purely imaginary, while that of Eq. (7) is in general complex. A non-zero real 
part, which is necessarily negative, for this exponent means attenuation. Because of unitarily, such 
an attenuation can only come from one or both of the incident fermions being transformed into 
another particle or more than one particle, i.e., due to particle production. In as much as particle 
production is one of the most important features of collision processes for elementary particles, 
as already mentioned in Sec. 4 as one of the underlying reasons for studying the high-energy 
behaviour of field theory, the next step is to study the simplest production processes in the context 
of fermion-fermion scattering. 
6. PARTICLE PRODUCTION 
Since numerous production processes are possible in any field theory, it is necessary to get some 
guidance first as to what to look for. Such guidance can only come from physical considerations 
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of high-energy processes. Accordingly, for the time being, forget about quantum field theory and 
concentrate on developing some intuitive feeling for such high-energy production processes [21]. 
In the droplet model described in Sec. 3, the target proton, as shown for example as a circle 
in Figure 3(a), may break up into several pieces. This means the production of particles whose 
momenta are relatively not high in the laboratory system. Similarly, the incident proton, shown as 
an ellipse in Figure 3(a), may break into several pieces. This fragmentation of the incident proton 
leads to the production of particles with the properties that 
i) their momenta are relatively not high in the system where the incident proton is at rest, and 
hence, 
ii) their momenta are high in the laboratory system, or 
iii) more specifically, in the laboratory system their momenta are each a finite fraction of that 
of the incident proton. 
Attention is now turned to the centre-of-mass system. In this system, for high-energy processes 
the momenta are large for both groups of particles described above, i.e., from the fragmentation of 
the target particle and from that of the incident particle. From the present description, it is natural to 
ask: Are there also produced particles whose momenta are relatively not high in the centre-of-mass 
system? 
In cosmic ray events, particles satisfying this description have been seen [22]. These particles 
are mostly pions and are therefore referred to as pionization products. Surprisingly, quantitative 
results on the momentum distribution of these pionization products can be obtained from the thesis 
[9] of Yang and his collaborators that hadrons are extended objects with many internal degrees of 
freedom and hence the centre-of-mass system has no intrinsic significance at high energies. 
The result is as follows. Let 
(19) 
be the distribution of low-energy pions in the centre-of-mass system for very high incident energies 




and f(Px• Py) is independent of Pz but depends on Px and Py-
In order to get this result, define a generalization of the centre-of-mass system, called a C 
system, where one incoming particle has a large momentum in the positive z direction of magnitude 
w, while the other has a large momentum in the -z direction of magnitude w'. At high energies, w 
and w' are taken to be of the same order of magnitude, and hence both large. The centre-of-mass 
system is the particular C system where w = w'. With hadrons as extended objects, all C systems 
are equally significant. Since the C systems are related to each other by Lorentz transformations in 
the z direction, Eq. (20) follows [21] provided that pionization exists. 
To complete this argument, it is essential to show that pionization does take place. What this 
means is the following. In writing down the formula (19), dependence on the centre-of-mass total 
energy for the production process is not shown explicitly. Pionization is said to take place if, as 
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s ---+ oo, the PI (p., Py• p,) of (19) either does not depend on s or has only slow dependence on s, 
in much the same way as the dCYjdt ofEq. (6), which is a function of sand t, has no dependence 
or only slow dependence on s. 
Before showing that pionization does take place in this sense, let us discuss first why Eq. (20) 
is important for high-energy processes. Since f(p., Py) is independent of w (with w' = w), the 
integrated cross section of producing a pion with transverse momentum (Px, Py) but any longitudinal 
momentum p, is 
~ f(px,py)In 2+ 2+ 2 
Px Py m 
(22) 
at high energies. In other words, this integrated cross section increases as Ins when s ---+ oo. 
Inasmuch as the total cross section includes this integrated cross section, this is the first indication 
that the total cross section should increase without bound as s ---+ oo. 
In view of this interesting and unexpected result, it is of paramount importance to verify the 
correctness of Eq. (20). So far in this section, all that has been used consists only of relativistic 
kinematics and the basic view of the droplet model of Yang and his collaborators [9]. For the present 
verification, this is not enough and additional input is needed. Fortunately, we have the gauge field 
theory as discussed in Sec. 4. 
Even in the simplest context of fermion-fermion scattering in Abelian gauge theory, it turned 
out to be a rather lengthy search for the relevant Feynman diagrams for pionization. The lowest-
order such diagrams are shown in Figure 9. Once the diagrams are identified, it is not difficult to 
verify that, for these diagrams in the limits ---+ oo, Eq. (20) indeed holds exactly with f(p., Py) 
independent of s. This proves that pionization does take place for this gauge theory, and furthermore 
the Ins of Eq. (22) does appear. This factor of Ins is going to play a central role in the development 
in the remainder of this paper. 
Some further examples of low-order diagrams for pionization are shown in Figure 10; they are 
from Yang-Mills non-Abelian gauge theory [16] such as QCD [18] with self-coupling of the gauge 
particle. Once again it is straightforward to verify Eq. (20) by calculating the amplitudes of these 
diagrams in the high-energy limit. In contrast, the bremsstrahlung diagrams such as those of Figure 
11 contribute only to fragmentation but not to pionization. 
7. TOWER DIAGRAMS 
In Sec. 5, we have studied the high-energy behaviour of a set of diagrams for fermion-fermion 
scattering-the diagrams with multiple vector-meson exchanges. By Eq. (18) and the optical 
theorem 
4qE 
Im M;; = - 2- atott m 
(23) 
which relates the total cross section to the elastic amplitude in the forward direction, these diagrams 
with multiple vector-meson exchanges lead to a constant total cross section at infinite energy. This 
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is in accordance with the droplet model of Yang and his collaborators [9]. In Eq. (23), q and E are, 
respectively, the momentum and the energy of each of the incoming fermions in the centre-of-mass 
system. 
On the other hand, the results of the last section, Sec. 6, implies that this is not the whole story. 
It is shown there that there is an abundance of particle production, which does not occur in the 
diagrams of Sec. 5. In particular, as given by Eq. (22), the integrated cross section for pionization 
increases without bound ass --+ oo, and hence the total cross section must do likewise. This makes 
the result of constant cross section at infinite energy as obtained in Sec. 5 suspect. 
By the optical theorem (23), the imaginary part of the elastic scattering amplitude in the forward 
direction resulting from this inelastic contribution must behave, as s --+ oo, as a constant times 
sIns. This is a factor of Ins larger than that from the diagrams of Sec. 5 for the multiple exchange 
of vector mesons. What are these new diagrams for fermion-fermion ela~tic scattering? 
These new diagrams must describe the process f + f --+ f + f + f + f --+ f +f. Figure 9 sup-
plies the clue. These are the lowest-order diagrams for pionization in fermion-fermion scattering, 
i.e., the lowest-order diagrams for f + f --+ f + f + f +]. In order to get the new diagrams of inter-
est, we essentially have to take these diagrams of Figure 9 and connect them in all possible ways to 
their right-left mirror image. The resulting diagrams for this elastic scattering are shown in Figure 12. 
Actually, there are three more diagrams obtained from those of Figure 12 by reversing the 
direction of the fermion loop. By Furry's theorem [23], they give simply a factor of 2. When a 
diagram, such as that of Figure 12(a), is referred to, we shall mean that diagram together with the 
corresponding one with reversed fermion loop. 
With this convention, it is readily seen that the diagram of Figure 12(a) comes from connecting 
the two diagrams of Figure 9 with their own mirror images, while that of Figure 12(c) comes from 
the corresponding cross connection. Another way of saying the same is that the diagrams of Figures 
12(a) and 12(c) have unitary cuts (the dashed line shown there) that separate each of them into a 
diagram of Figure 9 together with a mirror diagram. The diagram of Figure 12(b) does not have a 
proper unitary cut, and hence cannot contribute to the imaginary part of the scattering amplitude in 
the forward direction; however, it is related to the other diagrams of Figure 12 by gauge invariance 
and therefore must be included. 
The calculation for the high-energy behaviour of these diagrams of Figure 12 is straightforward 
but tedious. For the purpose of this section, a convenient form for this high-energy behaviour is 
M 1 ~is lns(J, K,J), (24) 
where the subscript 1 on M refers to the production of one pair of fermions. In this Eq. (24), the 
notation is as follows. First, the scalar product is defined in general by 
f d2qj_ (h F2) = (2n-)1 F1 (q1_, ~)F2(Q1_, ~). 
and similarly the operator K 1 is defined by 
(K,F)(qj_, ~) = f d2ql-2 K,(qj_, q~. ~)F(q~, ~). (2rr) 
(25) 
(26) 
where the subscript t means that this K, is for the tower diagrams to be defined shortly. The specific 
functions involved are 
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K ( ' 11) - _f_ J dz t dx 
' qj_, qj_, - (2n)4 pj_ Jo xp}_ + (1- x)(pj_ + qj_) 2 + m2 
{ 
Tr[(p j_ + m)(- p j_- A+ m)][(pj_ + qj_)2 + m2 ] 
x(pj_ + /1j_) 2 + (1- x)(pj_ + qj_)2 + m2 
(27) 
(28) 
- Tr[(pj_ +m)(-Pc n~ +m)(pc A+ nj_+ n~ +m)(-pj_- nj_ +m)]} (29) 
x(pj_ + q~)2 + (l- x)(pj_- 11 + qj_ + q~)2 + m2 · 
Since, as shown explicitly by Eq. (24), the elastic amplitude M 1 is of the order of sIns, it is 
natural to inquire whether there are terms even larger, say of the order of s (In s )2 • The answer is 
yes. Since the creation of one pair of fermions leads to this extra factor of Ins, a likely source for 
this desired factor of (In s)2 is the creation of two pairs of fermions. Specifically, the lowest-order 
relevant Feynman diagrams are the five shown in Figure 13. Similar to Eq. (24), the high-energy 
behaviour for these diagrams is given by 
Mz ~ ~is (In s) 2(J, K~ J). (30) 
More generally, the lowest-order Feynman diagrams that give s(ln s)" terms, n = 1, 2, ... , are 
the ones with n electron loops joined together vertically, with each loop having four vertices. We 
call such diagrams tower diagrams. The high-energy behaviour of these tower diagrams is given 
by 
is(lns)" 
Mn ~ (J, K7 1), 
n! 
(31) 
entirely similar to Eqs. (24) and (30) for the first two cases of n = 1 and n = 2. 
Summing over n, we get 
00 
MT = L Mn ~ is(J, SIC' J). (32) 
n=O 
The determination of the asymptotic behaviour of the right-hand side of Eq. (32) for large s is 
quite difficult. Since this asymptotic behaviour plays a central role in our theoretical understanding 
of high-energy scattering processes, the necessary work was carried out thirty years ago [24]. See 
also Appendix B of reference [2]. Roughly speaking, this behaviour is controlled by the largest 
eigenvalue of this operator IC,. However, this largest eigenvalue is not discrete but is at the end point 
of a continuum. The result is that the right-hand side of Eq. (32) is given asymptotically by 
(33) 
13 
where the overall const., which has no simple explicit expression, depends on the momentum 
transfer. It should perhaps be emphasized that this (33) holds for fixed, physical values of the 
momentum transfer, but not for unphysical values oft that are sufficiently large. 
This seemingly innocent step of going from (31) to (32) is actually very complicated concep-
tually. Let us discuss briefly some aspects of what is involved. 
The Feynman diagrams of Figure 12 are the lowest-order ones that give terms as large ass Ins 
ass -+ oo. Therefore (24) gives the leading amplitude, i.e., the largest term, for all eighth-order 
diagrams. Similarly, (30) gives the leading amplitude for all twelfth-order diagrams for fermion-
fermion elastic scattering, and this leading term is of order s(lns)2 . More generally, (31), which 
is of order s(ln s)", gives the leading amplitude for all 4(n + 1)th-order diagrams. By the optical 
theorem (23), in the forward direction all these leading amplitudes must be of the form of i times a 
positive quantity. Therefore the right-hand side of (32) is a sum of leading terms, all of which are 
in phase. 
One might hope that, by summing the leading terms of each order, one might obtain some 
semblance of the asymptotic form of the elastic scattering amplitude in the high-energy limit. The 
actual situation turned out to be far more interesting. 
The result (33) cannot possibly be the asymptotic behaviour of the elastic amplitude. The reason 
is that it violates significantly, in fact by a power of s, the rigorously proved Froissart-Martin bound 
[14]. This violation can be seen even without going through the complicated derivation of (33). 
While the right-hand sides of (24) and (30) satisfy the Froissart-Martin bound, the right-hand side 
of (31) does not for all n ~ 3. Since these terms are all in phase, no cancellation is possible. 
Therefore the sum of these leading terms must violate this bound. 
In the next several sections, it will be seen how a suitable interpretation of (33) has led to far-
reaching and dramatic consequences totally unexpected at that time thirty years ago. In particular, 
there have been many predictions, all experimentally verified later, on scattering and production 
processes at high energies. 
8. EXPANDING ELEMENTARY PARTICLES 
Figure 14 shows the beginning of reference [1], which gives a physical picture and predictions-for 
the scattering processes of elementary particles where the cross sections are large. The predictions 
(1), (2), and (4) in that paper are by now well verified experimentally. For prediction (3), in the 
case of proton-proton scattering, this ratio r:Ye1/tJ101 has been increasing with energy, but not close to 
I 2 yet. 
It is the purpose of this section to give the reasoning that has led from the results of the previous 
sections to these predictions. 
At the time this reference [1] was written, there were many models for such high-energy 
processes. Even though the different models give different views and predictions, most of them 
shared one cornerstone: The total cross sections approach constants in the limit of infinite energy. 
From the theoretical point of view, this assumption of constant total cross section was considered to 
be generalized from classical physics, of which the most relevant case has been described in Sec. 2. 
In fact, at that time it was sometimes forgotten that it was an assumption. Let us give one example. 
In his famous paper [25] on the Pomeranchuk theorem, Pomeranchuk assured us that this approach 
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to a constant cross section at high energies "follows simply from the fact that all strong interactions 
approach zero exponentially for large values of the impact parameter p." 
In view of what we have learned, in the preceding sections, on the high-energy behaviour of 
relativistic quantum field theory, the following picture emerges. 
I. First, the spin of the gauge boson is necessarily 1 for both Abelian and Yang-Mills non-
Abelian gauge theories. The exchange of such a spin-1 particle leads to an elastic scattering 
amplitude proportional to s in the high-energy limit s --+ oo. This is also true for the exchange 
of more than one spin-1 particle, as seen explicitly in Sec. 5. Such an amplitude proportional to s 
leads, through the optical theorem (23), to a total cross section independent of s in the high-energy 
limit. 
2. Because of production processes, however, this is not the entire story. In particular, the 
important production processes are those where there are produced particles whose momenta are 
relatively not high in the centre-of-mass system. Such particles are referred to as pionization 
products, and have been discussed in detail in Sec. 6. In particular, the lowest-order diagrams 
for pionization in fermion-fermion scattering are shown in Figure 9, and these diagrams lead to a 
production cross section of order Ins in the high-energy limit s --+ oo. Therefore, the total cross 
section, which includes this production cross section, must increase ass --+ oo. 
This production cross section that behaves like Ins comes from that of one pair of pionization 
products. By producing n pairs, as shown in Figure 13 for n = 2, the production cross section 
increases as (Ins)". Such contributions from the tower diagrams have been studied in Sec. 7, and 
their sum is given by (33), i.e., 
sc 
canst. , , (lnsY (34) 
where c and c' are both positive and independent of the momentum transfer. 
3. This large expression (34) for high energies is not to be interpreted as a violation of the 
Froissart-Martin bound [14] or of the unitarily condition. Rather, it means that, when two high-
energy particles collide, there is an interaction that increases with energy. More specifically, since 
the sum of the tower diagrams has this large imaginary part, (34) should be regarded as representing 
a strongly absorptive potential, as conceived in Froissart's original paper [14]. An especially useful 
point of view is to consider the incident plane wave as a superposition of waves with impact distance 
b, which ranges from 0 to infinity. When b is small, the wave is prone to creating pionization products 
and is therefore lost to the beam. 
For a particle to be lost to the beam, it is not necessary to have anything drastic. For example, 
consider the LHC (Large Hadron Collider to be built at CERN) case of a 7 Te V proton on another 
7 Te V proton. Each of these two protons may lose 200 MeV to create a pair of pions, which 
are necessarily slow in the centre-of-mass system. After this loss, each proton retains an energy 
of 6.9998 TeV, which is hardly distinguishable experimentally from the original 7 TeV protons. 
Nevertheless, so far as the total cross section is concerned, they are lost to the beam. 
4. The sum (34) can be reconciled with the Froissart-Martin bound by including additional 
Feynman diagrams. For example, it is sufficient to include the multi-tower diagrams. In Figure 15, 
an example of a two-tower diagram is shown. Physically, the inclusion of such additional diagrams 
implies that the maximum a particle can contribute to the cross section is to be lost to the beam, as 
illustrated in the above example. 
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5. The situation is different when the impact distance b is large. In this case, there is a significant 
probability that the wave does not interact with the target and therefore survives. The critical value 
of b is the one where the attenuation of the incident wave is appreciable, but not large. Very roughly, 
the dependence of the absorption on this b is given by the tail of the Yukawa interaction [26] e~'"b, 
where 11 is a constant. The critical value of b is thus to be found by requiring the product of (34) 
with this tail of the Yukawa potential to be of the order of 1, i.e., 
(35) 
where the factor of (Ins)"' has been neglected together with the 1/r of the Yukawa potential. When 





This Eq. (36) means that the total cross section must increase as (Ins )2 in the limit of high energies. 
Another way of stating this result is that the Froissart-Martin bound [14] is not only a bound, but 
actually describes the high-energy total cross sections. 
6. The dramatic picture of high-energy hadron-hadron scattering is therefore as follows: A parti-
cle behaves like a Lorentz-contracted pancake that can be approximately separated into two regions: 
a) a completely absorptive black core with a radius expanding logarithmically with energy; and b) 
a partially absorptive gray fringe with width 0(1). This is represented schematically in Figure 16. 
7. At very, very high energies, not only s but also Ins are large. [Since the scale for strong 
interactions is around 1 GeV, the s here may be taken to be in units of 1 GeV2.] In this case, the 
wave can be considered to be completely absorbed if b < R and entirely unchanged if b > R. In 
this approximation, the elastic scattering amplitude is 
where 
S(b, s):::: { ~: 
Carrying out the integral in (37) gives explicitly 
i:rcsR 
b < R, 
b > R. 




where 11 is the Bessel function of order 1. In particular, using the optical theorem (23), the total 
cross section is given by 
(40) 
Attention is next turned to the diffraction pattern as given by (39). Let f3n be the roots of 11 (f3:rc); 
then the right-hand side of (39) is zero when 
(41) 
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Let r be the value of !J,. 2 where the first dip occurs for elastic scattering. Then, since {31 ~ 1.22, 
fatot ~ 35.92 mb (GeV jc) 2 (42) 
independent of the processes. Eq. (42) shows how the diffraction peak shrinks at very, very high 
energies. 
It also follows from the relation (39) that the integrated elastic cross section ae1 is given by 
ael = 7f R2 + O(lns), (43) 
and hence 
(44) 
Finally, the use of the forward dispersion relation gives 
-- =- + O[(lns)-2], Re Ml rr 
Im M t~o Ins 
(45) 
which approaches zero from above as s __,. oo. 
This completes the list of predictions of reference [1]; see Figure 14. 
8. When these predictions were made thirty years ago, the general belief was that the total cross 
sections approach constants at high energies and there was no experimental evidence to believe 
otherwise. Therefore there was a tremendous gap between the energies available experimentally 
then and the regions where the predictions, as given by Eqs. (39)-(45), were expected to hold. 
It was therefore essential to develop a phenomenology in order to bridge this gap. This devel-
opment is to be presented in the next sections. 
9. PHENOMENOLOGY- PART I 
When the work on reference [1] was completed, we started to discuss our theoretical results 
with many high-energy experimentalists. Those who were interested in possibly carrying out the 
measurements raised a most relevant and proper question: Could we give them an estimate of the 
amount of increase in total cross sections, so that they could plan their experiments? 
In order to answer this and many other related questions, it is necessary to develop a phenomeno-
logical model which satisfies the following: (a) it must possess all the properties as described in the 
last section for very, very high energies; and (b) it must be sufficiently realistic to fit the available 
data at incident laboratory energies above 20 Ge V. 
On the basis of simplicity, the model that we formulated is as follows [2,27,28]. (An improved 
model will be presented in the next section.) Similar to Eq. (37) but with a different normalization, 
define 
(46) 
Because in (34) both c and c' are constants independent of the momentum transfer, it is natural to 
choose a factorized form for !:1: 
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Q(s, xi)= S(s)F(xi). (47) 
For S(s) a crossing symmetric form of (34) is used, namely, 
sc uc 
S(s) = (lns)c' + (lnuY" (48) 
where u is the third Mandelstam variable [29]. With Eqs. (46)-(48), the condition (a) above is 
satisfied. This M(s, L\) of Eq. (46) is to be referred to as the contribution to the elastic amplitude 
from the "Pomeron," in honor of Pomeranchuk. 
It should be emphasized that the constants c and c' are universal in the sense that they do 
not depend on which elastic process is under consideration. In contrast, this F(xi) in Eq. (47) is 
necessarily different for different processes, such as pp and rr p scatterings, which have significantly 
different total cross sections. However, this F(xi) is the same forab andab scatterings, for example 
for pp and pp elastic scatterings. This is the reason why the S(s) must be crossing symmetric, as 
seen from Eq. (48). 
By itself, this M(s, L\) does not satisfy (b) above. At such relatively low energies as around 20 
GeV, there are, in addition to the Pomeron, also contributions from Regge poles [10] such as the 
p and the w. These additional contributions are taken into account only in the forward direction, 
where the Regge intercepts are all taken to be at ~. In this way, the total cross sections are given, 
for example, as 
4rr 
CYwt(pp) = A(pp)s- 112 +- Im M(s, 0), 
s 
_ _ 4rr 
CYwt(pp) = A(pp)s-112 +- Im M(s, 0). 
s 
(49) 
Unlike the F(xi), which is the same for pp and for pp, here the constants A(pp) and A(pp) are 
different. 
The remaining task is to choose the functions F(xi), where there is less guidance. From Eq. 
(35), it is necessary to have F(xi) ~ const e-J.x.L for large x.L. Furthermore, because x.L = 0 
merely means that the centre of mass of the three quarks or antiquarks in the proton or antiproton 
are lined up, F(xi) must be chosen to be smooth at X.L = 0. The simplest choice is 
F(xj_) = f exp[ -l.(xj_ + x~) 112]. (50) 
This choice, admittedly arbitrary, is to be used in this section. This and many other aspects of the 
model will be greatly improved in Sec. 10. 
Within the model described here, in order to describe simultaneously the following six elastic 
hadronic scatterings: 
fifteen real parameters are needed. These are: 
1. A, c, and c'; 
2. f(pp), xo(pp), f(rrp), xo(rrp), f(Kp), and xo(Kp); and 
3. A(pp), A(pp), A(rr+ p), A(rr- p), A(K+ p), and A(K-p). 
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A.Mode!O 
Returning to the first paragraph of this section, the question of estimating the amount of increase 
in total cross sections was first raised by the experimentalists in order to help their designing the 
experiments. Since at that time there was no experimental indication to support the present theory, 
for some time we were stymied. Eventually, this question was answered [27] by postulating 
(51) 
borrowed from duality and that the K+ p channel is exotic. The model that is based on Eq. (51) is 
referred to as Model 0. Eq. (51) is used to determine the value of c; since the increase in total cross 
sections is more sensitive to c than c', the value of c' is simply set to be 0. 
The result of this Model 0 is shown in Figure 17, where the data point at 400 (Ge V)2 was from 
Fermi lab. From this early result the increase of the total pp cross section from its minimum to the 
value at s = (53 Ge V) 2 is almost 3 mb. The year after this phenomenological result was obtained, 
ISR data [30] at this value of s became available, and it was found that the data gave an increase 
that is larger by about 50%. In view of the crudeness of the assumption (51), the result of Figure 
17 must be considered to be a theoretical triumph. 
B. Modell 
With the ISR data [30] available in 1973, the value of c can be determined without the assumption 
(51). With this modification, the model is referred to as Modell. This model is discussed in detail 
in reference [28], complete with all the experimental data used. Still with c' set to 0, the predictions 
[28) of this Model 1 are shown in Figure 18 and compared with the experimental data available 
then. Aside from the choice 
c' =0 
as indicated in the caption of this figure, the other fourteen parameters were found to be 
c = 0.082925 
). = 0.60071 
xo(pp) = 3.8750 
f(pp) = 3.1499 
A(pp) = 47.372 
A(pp) = 101.81 
A(K+ p) = 8.2543 
x0(Kp) = 1.4295 
j(Kp) = 0.6438 
x0(np) = 3.8457 
f(np) = 1.7400 
A(n+ p) = 29.220 
A(K-p) = 29.384 
A(n-p) = 40.416. 
(52) 
(53) 
Extra digits had been given so that the results of Figure 18 could be checked if so desired without 
undesirable round-off errors. 
This value c of approximately 0.08 has become a famous number since the publication of 
reference [28] in 1973, and has been used extensively by many others [35]. However, it was already 
emphasized in reference [28] that, because of the choice (52), this 0.08 must be considered to be "an 
effective value." To give a concrete illustration of this point, the same procedure has been carried 
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out with the alternative assumption of c' = I. The resulting parameters for the pp and p p systems 
are compared in Table I. 
While Model 0 was constructed originally to give semi-quantitative estimates for the increasing 
cross sections to help the experimentalists, Modell gives accurate quantitative predictions. Besides 
those shown in Figure 18, this Model 1 has a number of other predictions [28], including the 
corresponding ratios of real to imaginary parts for forward scattering [36]. 
At the time this Model 1 was formulated in 1973, it was the best one possible because of the 
scarcity of high-energy experimental data. When more data became available, improvements on this 
Model I became necessary; this is to be described in the next sections. Some of the shortcomings 
of Model I, to be removed for the improved Model 2, are the following: 
(1) For the energy range covered in Figure 18, the predictions with c' = 0 and c' = 1 are 
essentially indistinguishable. For higher energies, they deviate from each other; this is illustrated 
in Figure 19. As expected, similar uncertainties also appear in the prediction of the ratios of the 
real to imaginary parts mentioned above [36]. Therefore, it is essential to be able to determine the 
value of c'. There is no reason whatsoever to think that c' is zero. 
(2) The choice of the form for F(xj) as given by Eq. (50) was made entirely on the basis of 
computational convenience and has no physical basis. This needs to be improved. 
(3) As seen from Eq. (49), the contributions from the exchange of Regge poles are taken into 
account only in the forward direction. Furthermore, it is arbitrarily added to the Pomeron term. 
These also need to be improved. 
These and other improvements are incorporated into Model2, to be described in the next section. 
10. PHENOMENOLOGY- PART II 
In the preceding section, two models, Model 0 and Modell, have been described. Model 0 was 
formulated before there was any evidence whatsoever for the increase of pp total cross section, and 
served the purpose of giving a semi-quantitative estimate for this increase at high energies. Model 
1 was later formulated [28] to give quantitative predictions. It was about the best that could be done 
in 1973. 
At that time, there was very little information on high-energy scattering. For this reason, some 
choices or simplifications had to be made for this Model I. The three major ones have been listed in 
Sec. 9 as (1), (2), and (3). Briefly, they are: (I) the choices of value of c' to be 0 or 1; (2) the choice 
of the form for F(xlJ in Eq. (50); and (3) the omission of the exchange of Regge poles except in 
the forward direction. 
As seen from Fig. 19, for s < 104 (GeV)2, the predictions using the two choices of the value 
of c' are very close to each other for the pp and p p total cross sections. Beyond this value of 104 
(Ge V)2, the predictions for c' = 0 and c' = I deviate significantly from each other. 
Five years later, in 1978, there were more experimental information on high-energy scattering. 
It was therefore decided to make a major improvement on this Model 1, leading to Model 2 [37]. 
Some of the improvements of Model 2 over Model 1 are the following, corresponding to the (I), 
(2), and (3) of the preceding section. 
(1) The value of c' is determined in this Model 2, rather than being set to be 0 or I. For this 
purpose, instead of using a selected set of experimental data as described in reference [28], an 
overall fit was carried out using the available high-energy pp and p p data for the total cross section 
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cr10, the ratio of the real to imaginary parts of the forward amplitude p = Re M(s, 0)/lm M(s, 0), 
and the differential cross section dcr I dt. 
(2) In the dependence on momentum transfer, the form of the Pomeron term is taken from 
a modified version of the relation between matter distribution and charge distribution [38]. This 
replaces Eq. (50), which was chosen for computational convenience. 
(3) In the dependence on energy, Regge background terms are properly included. 
On the other hand, a number of the simplifying assumptions used in Model 1 are still retained 
for this Model 2. They include in particular the following two: 
(a) The factorization property of Q, as given by Eq. (47), is retained, i.e., the contribution to the 
opaqueness due to the Pomeron is taken to be the product of a function of energy and one of the 
impact parameter. 
(b) The opaqueness for any fixed impact parameter is taken to increase without bound in the 
limit of infinite energy, at least for hadron-hadron scattering. 
In this Model 2, Eq. (46) is retained, but Eq. (47) is modified to include the Regge term 
Q(s, xi)= S(s)F(xi) + R(s, xi), (54) 
where S(s) is still given by Eq. (48). Since the Regge term does not play a major role, an especially 
simple form is chosen for its Fourier transform: 
(55) 
representing the standard even- and odd-signature exchange contributions, with an exchange-
degenerate trajectory a(t) = ct0 + ct'(t) [37]. 
The remaining majortask is to choose the function F(x.i), which describes the impact-parameter 
dependence of the Pomeron. In this Model 2, Eq. (50) of Model 1 is replaced essentially by the 
relation between the matter distribution inside the proton and its electromagnetic form factor [9]. 
From the point of view of quantum field theory, this relation is not exact [38]. For this reason, an 
additional slowly varying factor is included. Thus the Fourier transform of F(x.i) is chosen to be 
with 
- a
2 + t 
F(t) = f[G(t)] 2 - 2-, a - t 
1 
G(t) = (I- t/mf)(l- t/m~) · 
(56) 
(57) 
Not counting those pertaining to the Regge term, in this Model2 there is a total of six parameters 
for pp and p p elastic scattering. From the overall fit carried out in 1978, the values of these six 
parameters [37] are given in the left column of Table 2. 
Six years later, when there were significantly more experimental data at high energies, the 
overall fit was repeated [39]. The revised values are given in the right column of Table 2. A 
comparison between the two columns of this table shows that the values of the six parameters have 
not changed much due to the additional information in these six years, implying that this Model 2 
is quite robust. There has been no further change of these parameter values since. 
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Since the formulas are very simple, consisting essentially of Eqs. (46), (48), and (54)-(57), 
numerous computations have been canied out using the parameters in the right column of Table 2. 
A few examples are shown in Figures 20 to 24. 
We add some comments to these five figures. 
Figure 20. When this figure was obtained [39], the following question was raised. Suppose 
the high-energy data points were increased by 3 mb, how much would the values of the various 
parameters change? The answer is that the curves in this Figure 20 hardly change at all, implying 
that they cannot go through the hypothetical points. This shows the power of the overall fit and also 
means that there are powerful internal consistency conditions in this Model 2. 
Figure 21. Thirty years ago, when the predictions from the present theory were first obtained 
[1]-see also Figure 14--one of the frequently asked questions concerns p. As given explicitly by 
Eq. (45), this p was predicted to approach zero from above ass --+ oo; this was to be contrasted 
with the fact that, at that time, all experimental measurements of p gave negative values. As shown 
in this Figure 21, later data do show that, for higher energies, p does change sign, as theoretically 
predicted. 
Figure 22. Besides the overall good agreement between theory and experiment for the proton-
proton differential cross section, the dip region is especially noteworthy. The depth of this dip is 
intimately related to crossing symmetry or, more specifically, to the fact that the crossing symmetric 
S(s), as defined by Eq. (48), is not real. 





has rather complicated behaviour, not a linear function oft as sometimes assumed [40]. Neverthe-
less, this linear function does represent an average behaviour. 
Figure 24. This figure gives a succinct summary of some of the high-energy experimental data 
compared with the predictions of Model 2. In this energy range, the Regge term (55) is entirely 
negligible. 
11. PHENOMENOLOGY- PART III 
The only remaining step is to include Coulomb interaction [ 47]. This is straightforward and does 
not involve any additional unknown parameters. Furthermore, for pp and p p elastic scattering, the 
Coulomb interference term in the differential cross section is important only for very small values 
of It I. Therefore, the details of how this Coulomb interaction is included matter very little and we 
have chosen accordingly the simplest procedure. 
This procedure consists of merely adding the Coulomb term to the right-hand side of Eq. (46). 
More precisely, Eq. ( 46) is replaced by 
(59) 
where the MN (s, L'l.), due to nuclear or strong interactions, is given by the right-hand side of Eq. 




where a is the fine structure constant, ¢(t) is the West-Yennie phase [48] given by 
¢(t) = ln(to/ltl)- y, (61) 
with to = 0.08 Ge V2 andy ~ 0.577 is the Euler constant. In view of the discussion in the preceding 
paragraph, Eq. (57) is used for the electromagnetic form factor G(t) in Eq. (60). Thus, this Model 
2 with the Coulomb term is described by Eq. (48), (54)-(57), and (59)-(61). 
This model was studied in detail over a decade ago [49]. Because of the lack of space here, 
readers are referred to this paper for the extensive predictions on pp and p p total and elastic 
differential cross sections for energies from 0.546 to 40 TeV. 
In order to give some physical feeling for the effect of Coulomb interference [49], Figure 25 
shows a comparison [50] of the present theoretical prediction with experimental data obtained five 
years later [51]. Note that in this case the contribution from Coulomb interference is significant 
only for It I ~ 0.01 (GeV/c)2, as already mentioned at the beginning of this section. 
Since 1987 [49], there has not been any modification of the Model 2. 
12. PHENOMENOLOGY- COMMENTS 
Not counting Model 0, which was originally formulated to give some guidance to the exper-
imentalists, two phenomenological models have been described in the preceding three sections. 
Model 1 is the first accurate model that incorporates the field-theoretic result of increasing total 
cross sections; it is applicable to all hadronic scattering at high energies, but its consequences are 
given explicitly for 
The total cross sections for these processes are given in Figure 18, and the elastic differential cross 
sections may be found in various publications [52]. Model2 is specifically for pp and pp scattering, 
and has much more predictive power than Model 1 because of its higher accuracy. 
Since the generalization of this Model 2 to other hadronic processes has not been worked out, 
we shall in this section make some comments on some of these processes on the basis of Model 1. 
In fact, a great deal of additional work remains to be carried out even for this simpler Model 1, a 
primary example being the treatment of inelastic diffractive processes [52,53]. With reference to 
Figure 16, diffractive scattering of hadrons, such as 
p + p ---> p + p*(l440), (62) 
proceeds through the gray fringe, not the black centre. In particular, at high energies the total cross 
section for this (62) is proportional to Ins, not (Ins )2 • 
This is to be contrasted with photoproduction, such as 
y + p ---> p + p. (63) 
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The difference is that, to a bare photon, the proton is not black but transparent so far as strong 
interaction is concerned. Since a real photon is a superposition of a bare photon state and hadronic 
states, the proton looks like an expanding gray disk to the real photon. Since the core is not black, 
a diffractive inelastic process such as (63) can proceed there. In contrast to (62), the total cross 
section for (63) at high energies is proportional to a (In s)2• 
In the remainder of this section, let us discuss two examples of total cross sections. The first 
example concerns [54] 
y+p-----+ y+p. (64) 
A comparison of the multi-tower diagrams for n+ p and n- p with those of yp shows a striking 
similarity, the major differences being: i) the electromagnetic coupling e appears twice for the 
reaction yp, and ii) the photon is its own anti-particle. Then, one can expect that 
(65) 
This constant has been found to be t by comparing the low-energy data of the y p and n p total 
cross sections. The result is shown in Figure 26. 
This example i~ interesting for two reasons. First, the hadronic content of a real photon includes 
not only uu and dd states, but also ss and, to a much lesser extent, cc states. This is an additional 
reason why (65) is not accurate [50,57]. This example is also interesting because it returns to the 
original root of the present development, as described in Sec. 2. 
The second example concerns then- p total cross section, as already presented in Figure 18. 
Since the publication of this prediction [28], there has been a great deal of high-energy data on this 
n-p total cross section. Figure 27 shows the comparison of this 1973 prediction with a compilation 
of experimental data [58,59]. While the prediction made twenty-six years earlier is not quite perfect, 
it is actually slightly better than the "fit" given in reference [59]. What is even more noteworthy is 
that, in producing this prediction, only one piece of experimental data on n-p cross sections was 
used, namely the total n-p cross section at then- incident energy of 60 GeV [28]. [Two pieces of 
data on n+ p are also used, the measured total cross sections at n+ incident energies of 20 Ge V and 
60 GeV.] This is one of the clearest examples of the power of the present approach to high-energy 
hadronic processes based on quantum field theory. 
13. CONCLUSION 
In this paper, some aspects of the theory of scattering and production processes at very high 
energies have been summarized. It may be useful to give here an overall and historical view of this 
subject. 
The preceding twelve sections can be roughly divided into three parts of four sections each. 
Sections I through 4. Here the present theory is introduced and its motivation discussed. In the 
fifties, the question of how the optical limit is approached was considered to be one of the problems 
in the forefront of classical electromagnetic theory. A number of leading physicists in this area 
were involved including, for example, King, Levine, Schwinger, and Van Vleck. 
Shortly after the total cross sections were understood in this limit [4-7], the following question 
was asked. What happens if the wavelength of the incident electromagnetic wave keeps on being 
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reduced? Beyond what is usually called the optical limit, the scattering process changes qualitatively 
when the incident wavelength becomes comparable to the inter-atomic distance of the scatterer. This 
is Bragg scattering. If this wavelength is further reduced, eventually it will become smaller than 
not only the atomic sizes but also the sizes of nuclei and nucleons. Unfortunately at that time in 
the fifties, there were neither theoretical ideas nor experimental information to study this important 
limit in a way analogous to optics in electromagnetic theory. 
Sections 5 through 8. It is given here the theory that is based on quantum gauge field theory 
and leads to the prediction of increasing total cross sections [1]. In 1967, the Atomic Energy 
Commission, the predecessor of the Department of Energy, of the United States approved the 
construction of a 200-GeV proton synchrotron at the National Accelerator Laboratory (NAL), now 
called the Fermi National Accelerator Laboratory. This was by far the highest-energy accelerator, 
where in the pp centre-of-mass system each proton has an energy of nearly 10 Ge V. Thus, extremely 
relativistic proton-proton collisions would be observed. With the approval of this accelerator, it 
was an opportune time to spend a few years studying the problem formulated in the preceding 
paragraph. This theoretical study was carried out entirely in collaboration with Cheng. 
Motivated by the study of the optical limit through the Maxwell equations, we decided to study 
high-energy hadronic scattering using quantum field theory. Instead of the partial wave expansion 
(2), what is available from renormalizable gauge field theory is the perturbation series. Thus, the 
perturbation series was studied systematically, and the leading terms for each order were summed. 
The resulting prediction that all hadronic total cross sections have to increase indefinitely was 
entirely unexpected, and it took us some time to convince ourselves that this must be so and to 
publish this and related results [I]. 
Sections 9 through 12. The first question after obtaining these results was how to make contact 
with experiments. Since theoretical physics is a quantitative science and the emphasis is always 
on predictions for experiments not yet performed, the results [I] asymptotic for very high energies 
are useful but not sufficient for predictions. For this reason, the first step was, with the help of 
Weisskopf who was the Director General of CERN in 1961-65, to inform our friends involved in the 
Intersecting Storage Ring (ISR) of CERN, which was expected to reach the extremely relativistic 
region before the accelerator at NAL. This immediately led to the question raised at the beginning 
of Sec. 9. Since, at that time, the measured proton-proton total cross section was decreasing slowly 
with increasing energy, it took us some time to formulate Model 0 described there. It was gratifying 
to find that, when later ISR data became available, the estimate of Model 0 was very much in the 
ballpark, being about ~ smaller than the measured increase. By taking into account this measured 
increase, Model 0 is improved to Model I, the first phenomenological model that is quantitatively 
accurate. It is also worth noting the confused state of the ISR experimental data at that time, as 
shown in Figure 18. 
After ISR, pp and p p colliding accelerators of even higher energies were planned and built, 
including the CERN p p Collider proposed by Rubbia and the Tevatron Collider. In view of these 
plans, it was felt that the phenomenological model worked out in 1973 was not adequate for making 
reliable predictions for these higher energies. The much improved Model 2 was formulated and 
studied entirely in collaboration with Bourrely and Soffer, beginning in 1975. This model [37,39] 
and its successes have been described in Sees. 10--12. It can be said that pp and p p elastic scattering, 
together with similar processes, has been understood theoretically and phenomenologically for more 
than ten years. Roughly speaking, this entire development on high-energy hadronic scattering began 
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in 1967 and was completed in 1987, when reference [39] was submitted for publication. 
Personally, it has been a most exciting twenty years, involving in essential ways work in physical 
intuition, asymptotic calculations, model building, and phenomenology together with its successful 
predictions. 
Acknowledgments. A deep sense of gratitude is due Professor Chen Ning Yang, who has given 
me guidance and shared his deep physical insights. I am also most grateful to Claude Bourrely and 
Jacques Soffer for many years of collaboration and many discussions on the present presentation. 
I wish to thank Hung Cheng for working together, also for many years, to develop the field-
theoretic approach leading to the prediction of increasing cross sections, and to Andre Martin for 
encouragement in writing this paper. I am indebted to Margaret Owens for making numerous 
improvements on the manuscript. 
[ 1] H. Cheng and T. T. Wu, Phys. Rev. Lett. 24 ( 1970) 1456. 
[2] H. Cheng and T. T. Wu, Expanding Protons: Scattering at High Energies, M.l.T. Press, Cambridge, 
MA (1987). 
[3] See, for example, P. Debye, Ann. Physik 30 (1909) 57; F. P. White, Proc. Roy. Soc. (London) AlOO 
(1922) 505; G. Jobst, Ann. Physik 76 (1925) 863; and K. Artman, Zeit. f. Physik 127 (1950) 468. 
[4] T. T. Wu, Phys. Rev. 104 (1956) 1201. 
[5] P. Beckmann and W. Franz, Naturforsch. 12 (1957) 533. 
[6] R. W. P. King and T. T. Wu, The Scattering and Diffraction of Waves, Harvard University Press, 
Cambridge, MA (1958). 
[7] S. R. Seshadri, Ph.D. Dissertation, Harvard University (1957). 
[8] P. W. Higgs, Phys. Lett. 12 (1964) 132; Phys. Rev. Lett. 13 (1964) 508; Phys. Rev. 145 (1966) 1156; F. 
Englert and R. Brout, Phys. Rev. Lett. 13 (1964) 321; G. S. Guralnik, C. R. Hagen and T. W. B. Kibble, 
Phys. Rev. Lett. 13 (1964) 585; T. W. B. Kibble, Phys. Rev. 155 (1967) 1554. 
[9] T. T. Wu and C. N. Yang, Phys. Rev. 137 (1965) B708; N. Byers and C. N. Yang, Phys. Rev. 142 
(1966) 976; T. T. Chou and C. N. Yang, pp. 348-359 in High Energy Physics and Nuclear Structure, 
North-Holland, Amsterdam (1967); T. T. Chou and C. N. Yang, Phys. Rev. Lett. 20 (1968) 1213; Phys. 
Rev. 170 (1968) 1591, and 175 (1968) 1832; J. Benecke, T. T. Chou, C. N. Yang, and E. Yen, Phys. 
Rev. 188 (1969) 2159; T. T. Chou and C. N. Yang, Phys. Rev. Lett. 25 (1970) 1072; J. Benecke, Nuovo 
Cimento A 2 (1971) 615. 
[10] T. Regge, Nuovo Cimento 14 (1959) 951, and 18 (1960) 947. There are a number of books on Regge 
poles: S. Frautschi, Regge Poles and S·Matrix Theory, Benjamin, London (1963); R. Omnes and M. 
Froissart, Mandelstam Theory and Regge Poles, Benjamin, London (1963); E. J. Squires, Complex 
Angular Momenta and Particle Physics, Benjamin, London (1963). 
[11] G. Cocconi et al., Phys. Rev. Lett. II (1963) 499; W. F. Baker et al., Phys. Rev. Lett. 12 (1964) 132. 
[12] W. Heisenberg, Zeit. f. Physik 133 (1952) 65; Collected Works, Series A, Part Ill, W. Blum, H.-P. Dlirr, 
and H. Rechenberg, eds., Piper, Munich, and Springer-Verlag, Berlin (1993) pp. 75 and 103. 
[13] W. Heisenberg, p. 148 [see especially pp. 151, 152] in Kosmische Strahlung, W. Heisenberg, ed., 2nded., 
Springer-Verlag, Berlin (1953); Collected Works, Series B, W. Blum, H.-P. Dlirr, and H. Rechenberg, 
eds., Springer-Verlag, Berlin (1984) p. 491. 
26 
[14] M. Froissart, Phys. Rev. 123 (1961) 1053; A. Martin, Nuovo Cimento 42 (1966) 930. 
[15] P. A.M. Dirac, Proc. Roy. Soc. (London) 112 (1926) 661, and 114 (1927) 243, 710; P. Jordan and W. 
Pauli, Zeit. f. Physik 47 (1928) 151; E. Fermi, Rendiconti della R. Accademia Nationale del Lincei 9 
(1929) 881, and 12 (1930) 431; W. Heisenberg and W. Pauli, Zeit. f. Physik 56 (1929) 1, and 59 (1930) 
168. 
[16] C. N. Yang and R. L. Mills, Phys. Rev. 95 (1954) 631, and 96 (1954) 191. 
[17] S. L. Glashow, Nucl. Phys. 22 (1961) 579; S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264; A. Salam, p. 
367 in Eighth Nobel Symposium, N. Svartholm, ed., Wiley, New York (1968). 
[18] H. Fritzsch and M. Gell-Mann, p. 135 in Proc. of the 16th Int. Conf. on High Energy Physics, Vol. 2, 
Batavia, IL (1972); H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Phys. Lett. B 47 (1973) 365. 
[19] H. Cheng, J. A. Dickinson, C. Y. Lo, K. Olaussen, and P. S. Yeung, Phys. Lett. B 76 (1978) 129; H. 
Cheng, J. A. Dickinson, P. S. Yeung, and K. Olaussen, Phys. Rev. Lett. 40 (1978) 1681; Phys. Rev. D 
23 (1981) 1411; H. Cheng, J. A. Dickinson, C. Y. Lo, and K. Olaussen, Lett. Nuovo Cimento 25 (1979) 
175; H. Cheng, J. A. Dickinson, and K. Olaussen, Phys. Rev. D 23 (1981) 534. 
[20] F. Bloch and A. Nordsieck, Phys. Rev. 52 (1937) 54; W. Pauli and M. Fierz, Nuovo Cimento 15 (1938) 
167; S.M. Dancoff, Phys. Rev. 55 (1939) 959; H. A. Bethe andJ. R. Oppenheimer, Phys. Rev. 70 (1946) 
451; J. M. Jauch and F. Rohrlich, Helvetica Phys. Acta 27 (1954) 613; D. R. Yennie, S.C. Frautschi, 
and H. Suura, Annals of Physics (NY) 13 (1961) 379. 
[21] H. Cheng and T. T. Wu, Phys. Rev. Lett. 23 (1969) 1311. 
[22] See, for example, M. Koshiba, Progr. Theoret. Phys. (Kyoto) 37 (1967) 1042. 
[23] W. H. Furry, Phys. Rev. 51 (1937) 125. 
[24] H. Cheng and T. T. Wu, Phys. Rev. D I (1970) 2775. 
[25] I. Ia. Pomeranchuk, Soviet Physics JETP 7 (1958) 499. 
[26] H. Yukawa, Proc. of the Physico-Mathematical Society of Japan 17 (1935) 48. 
[27] H. Cheng, J. K. Walker, and T. T. Wu, "Impact picture of very high energy hadron interactions (with 
numerical results)," Paper 524, 16th Int. Conf. on High Energy Physics, 1972 (unpublished). 
[28] H. Cheng, J. K. Walker, and T. T. Wu, Phys. Lett. B 44 (1973) 97. 
[29] S. Mandelstam, Phys. Rev. 112 (1958) 1344. 
[30] U. Amaldi et al., Phys. Lett. B 44 (1973) 112. 
[31] S. P. Denisov et al., Phys. Lett. B 36 ( 1971) 415. 
[32] G. Charlton et al., Phys. Rev. Lett. 29 (1972) 515; F. T. Dao et at., Phys. Rev. Lett. 29 (1972) 1627; J. 
W. Chapman et al., Phys. Rev. Lett. 29 (1972) 1686. 
[33] S. R. Amendolia et al., Phys. Lett. B 44 (1973) 119. 
[34] Aachen-CERN-Harvard-Geneva-Torino Collaboration, paper presented by C. Rubbia at the 16th Int. 
Conf. on High Energy Physics, 1972 (unpublished). 
[35] This number has appeared, for example, in many papers of A. Donachie and P. V. Landshoff, including 
Phys. Lett. B 296 (1992) 227. 
[36] H. Cheng, J. K. Walker, and T. T. Wu, Phys. Lett. B 44 (1973) 283. 
[37] C. Bourrely, J. Soffer, and T. T. Wu, Phys. Rev. D 19 (1979) 3249. 
[38] H. Cheng and T. T. Wu, Phys. Rev. 184 (1969) 1868. 
[39] C. Bourrely, J. Soffer, and T. T. Wu, Nucl. Phys. B 247 (1984) 15. 
[40] UA4 Collaboration, R. Battiston etal., Phys. Lett. B 115 (1982) 333, 117 (1982) 126, and 127 (1983) 
472; G. Matthiae et al., Contribution to the Int. Europhys. Conf. on High-Energy Physics, Brighton, 
UK, 1983, J. Guy and C. Costain, eds., p. 714. 
27 
[41] S. P. Denisov eta!., Nucl. Phys. B 65 (1973) 1; A. S. Carroll eta!., Phys. Lett. B 80 (1979) 423; J. Allaby 
eta!., Phys. Lett. B 62 (1976) 460; UAl Collaboration, G. Amison eta!., Phys. Lett. B 121 (1983) 472. 
[42] M. Ambrosio eta!., Phys. Lett. B 115 (1982) 495; N. Amos eta!., Phys. Lett. B 120 (1983) 460. 
[43] A. N. Diddens and K. Schubert, in Landolt-Bornstein, Elastic and charge exchange scattering of ele-
mentary particles, vol. 7 (1973 ), and vol. 9 ( 1980), H. Schopper, ed. 
[44] K. J. Foley eta!., Phys. Rev. Lett. 19 (1967) 857; G. G. Beznogikh eta!., Phys. Lett. B 39 (1972) 411; 
V. Bartenev eta!., Phys. Rev. Lett. 31 (1973) 1367; U. Amaldi eta!., Phys. Lett. B 66 (1977) 390; L. 
Fajardo et a!., Phys. Rev. D 24 ( 1981) 46. 
[45] N. Kwak eta!., Phys. Lett. B 58 (1975) 233; H. de Kerret eta!., Phys. Lett. B 62 (1976) 363, and 68 
(1977) 374; J. L. Hartmann eta!., Phys. Rev. Lett. 39 (1977) 975. 
[46] N. A. Amos eta!., Phys. Rev. Lett. 63 (1989) 2784; Phys. Lett. B 243 (1990) 158; Phys. Rev. Lett. 
68 (1992) 2433; CDF Collaboration, P. Giromini, pp. 30-41 in Int. Conf on Elastic and Diffractive 
Scattering, Proc. of the Vth Blois Workshop, June 8-12, 1993, H. M. Fried, K. Kang and C.-I. Tan, 
eds., World Scientific, Singapore (1994); G.J. Alner eta!., Zeit. f. Physik C- Particles and Fields 32 
(1986) 153; CDF Collaboration, F. Abe et al., Phys. Rev. D 50 (1994) 5550. 
[47] C. Bourrely, J. Soffer, and T. T. Wu, Phys. Lett. B 196 (1987) 237. 
[48] G. B. West and D. R. Yennie, Phys. Rev. 172 (1968) 1413. 
[49] C. Bourrely, J. Soffer, and T. T. Wu, Zeit. f. Physik C- Particles and Fields 37 (1988) 369; erratum, 
ibid., 53 (1992) 538. 
[50] C. Bourrely, J. Soffer, and T. T. Wu, pp. 15-22 in Frontiers of Strong Interactions, Proc. VIIth Blois 
Workshop on Elastic and Diffractive Scattering, June 20-24, 1995, P. Chiappetta, M. Haguenauer, and 
J. Tran Thanh Van, eds., Editions Frontieres, France ( 1996). 
[51] UA4/2 Collaboration, C. Augier eta!., Phys. Lett. B 316 (1993) 448. 
[52] T. T. Wu and H. Cheng, AlP Conf. Proceedings, High-Energy Collisions, Stony Brook (1973) p. 54. 
[53] H. Cheng and T. T. Wu, Proc. Int. Symp. on Electron and Photon Interactions at High Energies, Cornell 
University (197I) p. 148. 
[54] C. Bourrely, J. Soffer, and T. T. Wu, Phys. Lett. B 339 (1994) 322. 
[55] HI Collaboration, T. Ahmed eta!., Phys. Lett. B 299 (1994) 374; ZEUS Collaboration, M. Derrick et 
a!., Zeit. f. Physik C- Particles and Fields 63 (1994) 391. 
[56] D. 0. Caldwell eta!., Phys. Rev. Lett. 40 (1978) 1222. 
[57] T. T. Wu, Preprint CERN-TH/95-238. 
[58] Particle Data Group, Review of Particle Physics (1998). 
[59] SELEX Collaboration, U. Dersch et al., hep-ex/9910052 (25 Oct. 1999). 
28 
TABLE 1. Phenomenological parameters for Model I • 
Parameter First Set of Second Set of 
Parameters Parameters 
c 0.082925 0.20193 
c' 0. 1. 
). 0.60071 0.59582 
xo(pp) 3.8750 3.7508 
j(pp) 3.1499 9.4966 
A(pp) 47.372 9.4468 
A(pp) 101.81 63.772 
'c' is chosen to be 0 for the first set of parameters and 1 for the second set. 
TABLE 2. Phenomenological parameters for Model 2 
Parameter 1978 value 1984 value 
(reference [37]) (reference [39]) 
c 0.151 0.167 
c' 0.756 0.748 
m 1 (GeV) 0.619 0.586 
m2 (GeV) 1.587 1.704 
a (GeV) 2.257 1.953 
f 8.125 7.115 
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FIG. 1. Simplification in the limit of short wavelengths. 
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FIG. 2. Scattering by a perfectly conducting circular cylinder. 
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FIG. 3. Schematic representation of the collision between two protons. (a) The incident proton 
(ellipse) and the target proton (circle) in the laboratory system. (b) Equivalent eikonal description. 
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FIG. 5. The second-order diagrams for fermion-fermion elastic scattering. 
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FIG. 6. The important fourth-order diagrams for the absorptive or imaginary part of 
fermion-fermion elastic scattering. 
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FIG. 7. The three-vector-meson exchange diagrams for fermion-fermion elastic scattering. 
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FIG. 8. A typical diagram of n-vector-meson exchange for fermion-fermion elastic scattering. 
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FIG. 9. The lowest- (fourth-) order diagrams for pionization in fennion-fennion scattering; the incoming 
particles are to the left and the outgoing particles to the right. 




FIG. II. Feynman diagrams for bremsstrahlung. 
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FIG. 12. The lowest- (eighth-) order diagrams for fermion-fermion elastic scattering that give amplitudes 
of the order of s In s. 
34 
-(a) (c) (d) (e) 
FIG. 13. The lowest- (twelfth-) order diagrams forfennion-fermion elastic scattering that give amplitudes 
as large as s (Ins )2• 
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At infinite energy, we predict: (1) a 101 approaches infinity; (2) the ratio of the real part 
to the imaginary part of the forward elwtic amplitude approaches zero; (3) Cieda101 ap-
proaches 4; (4) the width of diffraction peak approaches zero; its product with a101 is a 
constant. We give theoretical evidence based on massive quantum electrodynamics as 
well as experimental evidence in support of these predictions, and a physical picture for 
high-energy scattering. 
FIG. 14. The beginning of reference [I], including the abstract. 
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FIG. 15. An example of multi-tower diagrams. 
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FIG. 18. The predictions of Modell with c' = 0 as compared with experimental data from Serpukhov,32 
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FIG. 19. Comparison of the predictions of rising total cross section. For s < 104 (GeV)2 the theoretical 
pp and p p total cross sections are virtually the same, and the solid and dashed lines correspond, respectively, 
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FIG. 20. Total cross sections for pp (black points) and p p (open points); data from references [30], [31], 
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FIG. 21. The ratio p = Re M(s, 0)/Im M(s, 0) for pp (black points) and pp (open points) elastic 
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FIG. 22. Proton-proton differential cross section at Plab = 2060 GeV/c; data from reference [45]. Note 
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FIG. 24. The total cross section ato1 in barns, the ratio aeifato1 of the integrated elastic cross section to 
the total cross section, and the ratio p of the real to imaginary parts of the forward amplitude for pp and p p 
scattering as functions of the centre-of-mass energy ,JS. The data are from references [40], [46]. 
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FIG. 25. Comparison of theoretical prediction and experimental measurement hy UA4/2 (reference [51]) 
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FIG. 27. rr- p total cross section as a function of s. The curve is from the theoretical prediction of 1973 
(reference [28]) and the data are from references [58], [59]. 
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